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Day 3a 
BASIC QUANTITATIVE GENETICS 

Objective 
Review some basic quantitative genetics important 

for subsequent material 
 

 

1. Single-locus quantitative genetic theory
a. Average allele effects, allele substitution effects
b. Single-locus breeding values
c. Single-locus genetic variances 

2. Extension to multiple loci

3. Model for breeding values of progeny
a. Parental average and Mendelian sampling terms

4. Environmental effects

1. SINGLE-LOCUS QUANTITATIVE GENETIC THEORY 
 

Genotype A2A2 A1A2 A1A1 
 

Genotypic value μ–a μ μ+d μ+a μ usually = 0 

Single locus allelic effects model for individual with genotype T = AiAj  
 

Genotypic value = Gij = M + αi + αj + δij 
 

M = population mean (see previous page) 
αi = average effect of allele i  
αj = average effect of allele j  
δij = dominance deviation effect of 
        the interaction of alleles i and j 

Average effect αi = Average deviation 
from the population mean of individuals 
receiving allele i from one parent with the 
other allele having come at random from the 
population 

-a 

d a 

δ22

δ12

δ11 

Allele substitution effect = α = α 1 – α 2 = 
         = a + (q – p)d 

                 = coefficient of regression of genotypic value on number of A1 alleles 
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Breeding value (BV) = 2 x expected deviation of the individual’s progeny mean from 
the population mean when the individual is mated at random. 

 
 
 

BV for individual with genotype AiAj = Aij = 2 E(Pprogeny-M) 
 

          = 2*( ½αi+½αj) = αi+αj 
 
 
 
 

Prob(Ai passed on)

Prob(Aj passed on)Ave.effect of Ai

Ave.effect of Aj

       

Geno-
type 

T 

 
Fre-

quen-
cy 

Genotypic 
value 

 
Average allele effects 

Dominance 
deviations 

 
Breeding value 

GT αi αj δij  Aij = αi+αj 

A1A1 p2 a α1 = qα α1 = qα –2q2d 2α1 = 2qα 
A1A2 2pq d α1 = qα α2 =-pα    2pqd α1+α2 = (q-p)α 
A2A2 q2 -a α2 =-pα α2 =-pα –2p2d   2α2 = -2pα 

 

SINGLE LOCUS BREEDING VALUES 
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Variance of genotypic values = (Total) Genetic variance = σG
2 

 

σG
2 = var(GT) =  p2a2 + 2pqd2 + q2a2 – M2 = 2pq[a + (q – p)d]2 + (2pqd)2 =  

       with: α = a + (q – p)d   = 2pqα2                    + (2pqd)2 
                
Additive genetic variance = variance of additive genetic values = σA

2  
 

σA
2 = var(AT) = p2(2qα)2 + 2pq[(q-p)α]2 + q2(-2pα)2 – 02 = 2pqα2    (Note that E(AT)=0) 

 
Also:  σA

2 = var(AT) =var(αi+αj) = var(αi) + var(αj) = pqα2 + pqα2  = 2pqα2   
 

 Variance associated with each of the 2 alleles that an individual carries = ½σA
2 

SINGLE LOCUS GENETIC VARIANCES 
       

Geno-
type 

T 

 
Fre-

quen-
cy 

Genotypic 
value 

 
Average allele effects 

Dominance 
deviations 

 
Breeding value 

GT αi αj δij  Aij = αi+αj 

A1A1 p2 a α1 = qα α1 = qα –2q2d 2α1 = 2qα 
A1A2 2pq d α1 = qα α2 =-pα    2pqd α1+α2 = (q-p)α 
A2A2 q2 -a α2 =-pα α2 =-pα –2p2d   2α2 = -2pα 

 

Dominance variance = variance of Dominance deviations = VD  
σD

2 = var(DT) = var(δij) = p2(–2q2d)2 + 2pq(2pqd)2 + q2(–2p2d)2 – 02 = (2pqd)2 (Note : E(DT)=0) 
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Example: the pygmy gene in mice  Allele frequency Pr(A1) = p = 0.6  q = 0.4 
 

  Genotype  
 A1A1 A1A2 A2A2 
Weight (g) 14 12 6 
μ = 10 
Frequency (HWE) 

a = 4 
p2=0.36 

d = 2 
2pq=0.48 

–a = –4 
q2=0.16 

  VG = 2*.6*.4*[4+(.4-.6)*2]2 + (2*.6*.4*2)2 =.48*[3.6]2 +(.96)2 = 6.22+.92 = 7.14 
 

VA =  6.22 VD =  .92 Genetic standard deviation = σG = 67.214.7 ==GV  
Additive genetic s.d.   = σA = 49.222.6 ==AV  
Dominance genetic s.d.   = σD = 96.092.0 ==DV  

Special cases 
No dominance: VA = 2pqa2 
                          VD = 0 

p = q = 0.5:     VA = 2
1

a2 

                         VD = 4
1

d2 
(F & M, p. 128) 

(a): a > 0, d = 0 
(b): a > 0, d = a 
(c): a = 0, d > 0 

 

→ Additive variance does not require additive gene action 5
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EXTENSION TO MULTIPLE LOCI – without epistasis 
For individual with alleles i and j at locus A and k and l at locus B  
 

Genotypic value =   GT =    GA     +    GB       Gi = genotypic value locus i 
          = AA + δA + AB + δB = (AA + AB) + (δA + δB) 
        =       AT      +      DT 

AT  = breeding value:          Aijkl = αAi + αAj + αBk + αBl   with each αni as for 1-locus case 
DT = dominance deviation: Dijkl = δAij + δBkl                  with each δnij as for 1-locus case 

Genetic variance: 
 

σG
2 = var(GT) =  var(GA + GB) =    var(GA)      +    var(GB) +       0     if loci are in LE   

    = {σAA
2 + σDA

2 } + {σAB
2 + σDB

2} 
    = {σAA

2 + σAB
2 } + {σDA

2 + σDB
2 } 

     =         σA
2         +         σD

2      
With many loci:  
Breeding value = sum of average effect of paternal and maternal     
      alleles at all QTL  = A  = Σ( mat

i
pat

i αα + ) 
Genetic variance        = σG

2 = ΣσGi
2= ΣσAi

2 + ΣσDi
2   = σA

2
 + σD

2  

Additive variance        = σA
2 = ΣσAi

2= Σ2piqiαi
2   

Dominance variance =  σD
2 = ΣσDi

2 
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Spre adsheet to demonstrate models for genotypic va lues at the le vel of genotypes and a lleles
Calcula tion of bre eding values , dominance dev iations, and epis ta tic effects
Change numeric al va lues in # ## only Frequency F requency

in current in next Input ma tr ix for epis ta tic  effects
Input parameters  Original ♦ = 10 H ap lo types generation generat ion A1A 1 A 1A2 A2A 2

a A = 4 aB = 3 A1 B1 0 .18 0 .18 B1B 1 0 0 0
dA = 2 dB = -1 A1 B2 0 .42 0 .42 B1B 2 0 0 0
pA = 0.6 pB = 0.3 A2 B1 0 .12 0 .12 B2B 2 0 0 0
qA = 0.4 qB = 0.7 A2 B2 0 .28 0 .28

 Linkage Disequilibrium D  = 0  L D r2 = 0 0 Ge notype-base d epistatic e ffec ts  G A xB

    Rec omb. Rate = 0 A1A 1 A 1A2 A2A 2

B1B 1 0 0 0

GENOTYPE-BASED MODEL FOR GENOTYPIC VALUES B1B 2 1 .7763 6E-15 1.7 76E-1 5 0

        2-locus genotypic values A locus genotype B2B 2 0 0 0
    and frequencies (random mating) A 1A1 A1 A2 A2A 2

B locus ♦+G T 4 2 -4 Check on g enotypic  va lue s f ro m g enotype m odel
ge notyp e freq 0.36 0.48 0 .16 ♦+G T A1A 1 A 1A2 A2A 2

B 1B1 3 17 1 5 9 B1B 1 17 15 9

0.09 0.0 324 0 .0432 0.0144 B1B 2 13 11 5
B 1B2 -1 13 1 1 5 B2B 2 11 9 3

Pop ulat ion mea n 0.42 0.1 512 0 .2016 0.0672 0.42

M  = 10.14 B 2B2 -3 11 9 3
new ♦ = 10 0.49 0.1 764 0 .2352 0.0784 0.49

♦A = 8.38 Averag e at A  lo cu s 12 .38 1 0.38 4 .38
♦B = 11.76 Averag e at B  lo cu s 14 .76 1 0.76 8 .76

Re-ca lcula ted 1 -locus additive, do minance +a d -a
and g enotypic value s G A  = 4 2 -4
with e pistasis G B  = 3 -1 -3

ALLELE-BASED MODEL FOR GENOTYPIC VALUES
Average a lle le e ffects Substi tutio n effect

Locus A ♦A1 = 1.44 ♦A2 = -2.16 ♦A = 3.6
Locus B ♦B1 = 1.82 ♦B2 = -0.78 ♦B = 2.6
All valu es are now d eviated from the po pula tion  me an, M .

Sin gle lo cu s G en otyp ic and  B reeding  Values
d eviated from p opu lat ion mean (M)

-8

-6

-4

-2

0

2

4

6

G
en

ot
yp

ic
 / 

B
re

ed
in

g 
va

lu
e

A locus G B  locus G
A locus Br.va l. B  locus Br.val.

2 -loc u s  G e no ty pi c  v s  Br .V a lu e s

-8

-6

-4

-2

0

2

4

6

8

10

-8 -6 -4 -2 0 2 4 6 8 10
Ad di tiv e  de v ia tio n =  s um  of a lpha 's

G
en

ot
yp

ic
 v

al
ue

Br eedin g va lu e
G eno typic  V a l ue
Ad di tive  dev
Do m ina n c e  d ev
Ep is ta ti c  d ev
Fr equ en cy

0.0

2.0

4.0

6.0

8.0

1 0.0

1 2.0

  Total
Genetic

  Additive
effects

  Breeding
values

 
Dominance

  Epistasis

Population Variances

Genotypic_values_models.v7.xls
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MODEL FOR BREEDING VALUE OF PROGENY 
Model of phenotype: P = A + E  E includes dominance, epistasis, environment 
Offspring phenotype: Po = Ao + Eo = ½As + ½Ad + RAs + RAd + Eo 

    ½ * breeding value of parents  Breeding value = 2*E(PO-M)  

1 RAs , RAd = random assortment / Mendelian sampling terms 
       - sampling of 1 of 2 parent alleles at each locus during meiosis 

- by definition independent from other terms: Cov(As,RAs) = 0 

Without inbreeding: Var(RAs) = ¼σA
2       Var(RAd) = ¼ σA

2                 (see derivation below) 
Single locus derivation of Var(RA) 
Parent 
Geno-
type 

Fre-
quen-
cy 

Genotypic value
of parent  
[α=a+(q-p)d]

Offspring mean 
phenotype 
= ½*breeding 
value parent 

Trans-
mitted 
allele 

Fre-
quen-

cy 

Offspring 
mean 

phenotype

Mendelian 
sampling 
term (RA) 

A1A1 p2 a 2q(α-qd) qα A1 1 qα 0 

A1A2 2pq d (q-p)α+2qd ½(q-p)α A1 ½  qα ½α 

A2 ½  -pα -½α 

A2A2 q2 -a -2p(α+pd) -pα A2 1 -pα 0 
 E(RAs)    = p2(0) + 2pq½(½α) + 2pq½(-½α) + q2(0) = 0 

Var(RAs) = p2(0)2 + 2pq½(½α)2 + 2pq½(-½α)2 + q2(0)2  = ½pqα2 = ¼σA
2 

Parental or sib phenotypes provide information on ½As+ ½Ad only (parental average)
Estimation of Mendelian sampling terms requires own / progeny phenotype / markers  

Note: markers can provide
info on which allele at a QTL
was transmitted RA 8
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ENVIRONMENTAL EFFECTS 
Individual’s phenotype is determined by genetic and environmental factors: 
 

P = μ + G + E   
 

μ includes mean and systematic (environmental) effects 
• Factors that can be identified and, therefore, be removed by 

statistical analysis by fitting them as effects in the model 
 E.g. herd, plot, year, season 
 Also: age, sex, parity 

G = genotypic value 
 

E = Random environmental effects 
• effects of non-identifiable non-genetic factors that create differences in phenotype 

between individuals that are exposed to the same systematic effects 
 e.g. cows in same herd, plants in same field 
 e.g. micro-environmental differences in nutrition, climate, soil, housing, management 

• effects of sources of external variation that are not under experimental control and that 
can, therefore, not be adjusted for by statistical analysis 

• Also includes measurement error 

Phenotypic variance = variance of phenotypes after removal/adjustment for systematic effects 

        = σp
2 = var(P-μ) = var(G+E) = var(G) + var(E) 

Broad sense heritability  2

2

P

G
σ

σ=2H            Narrow sense heritability   2

2

P

A
σ

σ=2h   
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